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On a straight-line embedding problem of graphs
( )
Shin-ichi TOKUNAGA
Science University of Tokyo
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$A$ , $|A|$ $A$ . $G$ ,
$V(G),$ $E(G)$ $G$ , .
1 $G$ $n$ . $G$ $R^{2}$ ( )
, $G$ $R^{2}$ ( ) (straight-
line embedding) . $R^{2}$ $|P|=n$ $P$ , $G$
$P$ $G$ $P$ .
$G$ $n$ , $P$ $R^{2}$ $n$ .
, ( $P$ 3
) .
I. $F\acute{a}ry[1]$ , .
$P$ , . $G$
, $G$ 1 ( )
.
A. (H. DE FRRAYSSEIX, J. PACH, AND R. POLLACK[2])
$G$ $P$ , $G$
.
M. Perles $G$ tree . rooted tree
root ( ) 1
tree .
$<$ Perles $>$ $n$ rooted tree , $P$ , root
$P$ $P$ ?
Perles 1991 , , [4] ( $B$
). tree , .
872 1994 144-149
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< Perles $>$ 1 $v$ (rooted tree root )
$G$ , $(*)$ $G$ $v$ ?
$(*)$ : $P$ 1 $p\in P$ ,
$G$ $P$ $\phi$ $\phi(v)=p$ .
$G$ , $(*)$
, $tree$ 1 .
2.
$<$ Perles $>$ , ,
. $X\subseteq V(G),$ $v\in V(G)$ , $N(X)$ $X$ $G$ (X
1 $G$ ) , $\deg_{G}(v)$ $v$ ( $v$
) .
1. 1 $v$ $G$ $(*)$ , $G$ ,
$(C1)\sim(C5)$ . ( (Ci)
(Ci) . 1 .)
(C1) $G-v$ $\frac{n+1}{2}$ .
(C2) 2 $u,$ $w\in V(G)-\{v\}$ $V(G)-\{u, v, w\}=V_{1}$ $V_{2}\cup V_{3}$
.
$|V_{1}| \leq\frac{n-2}{2}$ and $N(V_{1})-V_{1}\subset\{v, u\}$ ,
$|V_{2}| \leq\frac{n-3}{2}$ and $N(V_{2})-V_{2}\subset\{u, w\}$ ,
$|V_{3}| \leq\frac{n-2}{2}$ and $N(V_{3})-V_{3}\subset\{w, v\}$ ;
(C3) $\deg_{G}(v)=1$ , $v$ $G$ $x$ , 2
$u,$ $w\in V(G)-\{v, x\}$ $V(G)-\{u, v, w, x\}=V_{1}\cup V_{2}\cup V_{3}$ .
$|V_{1}| \leq\frac{n-3}{2}$ and $N(V_{1})-V_{1}\subset\{u;x\}$ ,
$|V_{2}| \leq\frac{n-3}{2}$ and $N(V_{2})-V_{2}\subset\{u, w\}$ ,
$|V_{3}| \leq\frac{n-3}{2}$ and $N(V_{3})-V_{3}\subset\{w, x\}$ ;
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(C4) $\deg_{G}(v)=2$ , $v$ $G$ $x,$ $y$ , 2
$u,$ $w\in V(G)-\{v, x, y\}$ $V(G)-\{u, v, w, x, y\}=V_{1}\cup V_{2}\cup V_{3}$
.
$uy,$ $wx$ $\not\in$ $E(G)$ ,
$|V_{1}| \leq\frac{n-3}{2}$ and $N(V_{1})-V_{1}\subset\{u, x\}$ ,
$|V_{2}| \leq\frac{n-3}{2}$ and $N(V_{2})-V_{2}\subset\{u, w\}$ ,
$|V_{3}| \leq\frac{n-3}{2}$ and $N(V_{3})-V_{3}\subset\{w, y\}$ ;
(C5) $\deg_{G}(v)=2$ , $v$ $G$ $x,$ $y$ ,
$u\in V(G)-\{v, x, y\}$ $V(G)-\{u, v, w, x, y\}=V_{1}\cup V_{2}\cup V_{3}\cup V_{4}$
.
$|V_{1}| \leq\frac{n-3}{2}$ and $N$ ( )–Vl\subset $\{u, x\}$ ,
$|V_{2}| \leq\frac{n-3}{2}$ and $N(V_{2})-V_{2}\subset\{u, y\}$ ,




2 1 $v$ $G$ , 1 (C1), (C2), (C4)
, $(*)$ .
$G$ 4 , 1 $v$
$G$ (C1) (C2) .
.
2 $G$ 4 , 1 $v$
$G$ $(*)$ .
tree , $B$ .
3.
2 , $G$ (C1) . (C2)
(C4) 2 .
[3] , P. Gritzman, B. Mohar, J. Pach, R. Pollack .
1. $G$ , $R^{2}$
. $v_{1},$ $v_{2}$ $G$ , $p_{1},$ $p_{2}$ $\partial(conv(P))$ $P$
. $G$ $P$ $\phi$ ,
$\phi(v_{1})=p_{1}$ $\phi(v_{2})=p_{2}$
.
1 , (C2) (C4) .
$V_{1},$ $V_{2},$ $V_{3}$ 1 (C2) $G$ . ,
3 $q_{1},$ $q_{2}\in P$ $P-\{p_{0}, q_{1}, q_{2}\}=P_{1}\cup P_{2}\cup P_{3}$ .
(1) $\triangle p_{0}q_{1}q_{2}$ $P$ .
(2) $i=1,2,3$ , $|P_{j}|=|V_{i}|$ .
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2 3 $p,$ $q,$ $r$
$H(p;q, r)$ $:=$ ( $qr$ , $p$ )
$H^{c}(p;q, r)$ $:=$ ( $qr$ , $p$ )
,
$\alpha(p;q, r)$ $;=$ $|P\cap H^{c}(p;q, r)\cap H(q;p, r)\cap H(r;p, q)|$
$\beta(p;q, r)$ $;=$ $|P\cap H^{c}(p;q, r)|$















$\beta(p_{j}$ } $,$ $\vdash$) 8
$”’$
,







2. $m_{1},$ $m_{2},$ $m_{3}$ $0\leq m_{1},$ $m_{3} \leq\frac{n-1}{2}$ , $0 \leq m_{2}\leq\frac{n-3}{2}m_{1}+m_{2}+m_{3}=n-3$
. $p\in P$ , $\triangle pqr$ $P$ ,
3 $q,$ $\prime r\in P$ .
$\alpha(p;q, r)$ $\leq$ $m_{1}$ $\leq$ $\beta(p;q, r)$ ,
$\alpha(q;r,p)$ $\leq$ $m_{2}$ $\leq$ $\beta(q;r,p)$ ,




1 1 $v$ $G$ $(*)$
, $G$ 1 5 .
Perles 2 , 2
, . 1 , $(C3),(C5)$
2
. $p$ “ ” .
$p$ , $p$ ( $P$ ) , $p$
$R^{2}$ $H$ $P$ .
2. $m_{1},$ $m_{2},$ $m_{3}$ $0 \leq m_{1}\leq m_{2}\leq m_{3}\leq\frac{n-3}{2}$ $m_{1}+m_{2}+m_{3}=n-4$
. $p\in P$ $m_{3}+1$ . , $\triangle qrs$ $P$
$p$ , 3 $q,$ $r,$ $s\in P$
.
$\alpha(q;r, s)$ $\leq$ $m_{1}$ $\leq$ $\beta(q;r, s)$ ,
$\alpha(r;s, q)$ $\leq$ $m_{2}$ $\leq$ $\beta(r;s, q)$ ,
$\alpha(s;q, r)$ $\leq$ $m_{3}$ $\leq$ $\beta(s;q, r)$ .
2 2 3 ,
( ).
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